We detail the construction of the exceptional sigma model, which describes a string propagating in the "extended spacetime" of exceptional field theory. This is to U-duality as the doubled sigma model is to T-duality. Symmetry specifies the Weyl-invariant Lagrangian uniquely and we show how it reduces to the correct 10-dimensional string Lagrangians. We also consider the inclusion of a Fradkin-Tseytlin (or generalised dilaton) coupling as well as a reformulation with dynamical tension.
Introduction

Background
Duality underlies the modern understanding that the different superstring theories and the elevendimensional M-theory should not be viewed as being disjoint but as particular descriptions of a greater theory. The appearance of duality groups, including the O(d, d) of T-duality and E D(D) of U-duality, warrant our close attention. At least conceptually, one might wonder if there is some alternate formulation in which such O(d, d) or E D(D) symmetries do not appear only on reduction, but are present from the outset.
Steps in this direction can indeed be taken. These approaches include the doubled sigma model (or doubled worldsheet) [1] [2] [3] [4] [5] , double field theory (DFT) [6] [7] [8] , and exceptional field theory (EFT) [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
These theories provide reformulations of the string worldsheet action and the low energy supergravities in which extra "dual" coordinates are introduced, in order to realise the O(d, d) or E D(D) symmetry "geometrically", acting on an enlarged spacetime described by the usual coordinates and the duals. In this paper, as outlined in [20] , we provide a construction of an "exceptional sigma model": a two-dimensional sigma model which describes a string coupled to the background fields of this enlarged spacetime, with a (formally) manifest exceptional symmetry related to the U-duality groups of M-theory.
The ideas here can be traced back to the approaches of [1] [2] [3] [4] [5] , where the string sigma model was formulated in a T-duality symmetric manner. There, a dual coordinate is added for each T-dualisable target space coordinate. The geometry of the doubled background is encoded in fields which are in representations of O(d, d) and which group together components of the different spacetime fields (e.g. the metric and B-field appear together in a so-called generalised metric). The number of on-shell degrees of freedom is still d rather than 2d, and this "reduction" is achieved in various ways depending on the exact model under consideration. In all cases one can think of the 2d scalars as chiral, with some sort of chirality constraint implemented differently in different models. In this paper we will follow the approach of Hull [4, 5] and eliminate the dual coordinates by a gauging procedure.
It is not only the sigma model that can be "doubled", but also the low energy effective theory describing the background fields. This leads to double field theory [6] [7] [8] . The DFT equations of motion following from the action of [21] can be obtained by requiring the vanishing of the conformal anomaly of the doubled worldsheet [22] [23] [24] , just as one obtains the usual string background field equations.
Importantly, the local symmetries of supergravity -diffeomorphisms and p-form gauge transformations -can also be written O(d, d)-covariantly: the combination of diffeomorphisms and B-field gauge transformations yields "generalised diffeomorphisms" with gauge parameter Λ M (M here is an O(d, d) index) acting on generalised tensors, just as ordinarily diffeomorphisms can be viewed as infinitesimal GL(d) transformations. Consistency of the algebra of these symmetry transformations leads to a constraint on the coordinate dependence, implying that fields and gauge parameters can depend only on at most half the doubled coordinates. All these constructions are formally invariant under O(d, d).
1
In order to make contact with the usual worldsheet or supergravity actions, we have to identify half the doubled coordinates as "physical" ones. Of course this identification generically breaks the O(d, d) symmetry; the freedom to make alternative choices of which d-dimensional set of coordinates is physical is T-duality [4] . For backgrounds with d isometries in the physical directions, one can freely choose any set of d coordinates to be physical, the different choices are related by honest Buscher [25, 26] Although we do not have access to a non-perturbative version of string theory (or the full M-theory), U-duality is also realised in (compactifications of) the low energy supergravity actions. In this context, we can construct the generalisation of double field theory to the exceptional case, as was carried out in [9, 10, [13] [14] [15] [16] [17] [18] [19] . Again, we introduce extra "dual" coordinates so that the total set of coordinates appear in a representation of E D(D) , as do the fields. We now have E D(D) generalised diffeomorphisms [11, 12] , and a section condition implying that we cannot depend on all the coordinates. Different solutions [13, 27] to this condition (usually termed "sections") lead to us having no more than eleven or ten coordinates -in the former case, the theory reduces to eleven-dimensional supergravity while in the latter case it reduces to the two type II supergravities. Note that the type IIA section is always contained trivially within the M-theory one, while the type IIB section is an inequivalent solution (i.e. it cannot be transformed into a IIA section by E D(D) ). Now, it is an immediate 2 question as to whether there is some analogous description of the underlying brane actions which realises E D(D) symmetries just as the doubled sigma model does for O(d, d). This was first investigated for M2 branes in [28] , by studying worldvolume duality relations. However, as finally established a quarter-century later, this approach is limited in scope [29] -and only completely works for certain target space dimensions for which the number of dual coordinates introduced equals the number of physical coordinates. Fundamentally, the underlying problem is that U-duality mixes branes of different worldvolume dimensions (whereas T-duality exchanges winding and momentum modes of the fundamental string itself).
Our approach to this problem will be to restrict to fixed worldvolume dimension, and construct the action that naturally couples to the E D(D) covariant variables describing the background in the EFT formalism. This idea was used in [30] to construct an EFT particle action. This action can be viewed in three ways:
• as an action for a massless particle in an "extended spacetime", with extra worldline scalars corresponding to dual directions,
• as an action for massless particle-like states in 10 or 11 dimensions on integrating out these dual coordinates,
• as an action for massive particles corresponding to wrapped branes in n-dimensions, on further reduction.
This EFT particle couples geometrically to the EFT metric degrees of freedom and electrically to the E D(D) multiplet A µ M , which are one-forms from the point of view of the non-dualisable directions X µ and generalised vectors carrying the index M running over the representation of E D(D) corresponding to the extended coordinates Y M (for instance, for E 6 , this is the 27-dimensional fundamental representation).
This representation is often denoted by R 1 . The fields of EFT include a tensor hierarchy R 1 , R 2 , . . . of such generalised form fields [12] .
Our approach in this paper will be similar in spirit to the above. It will provide a generalisation of the "Hull-style" doubled string [4, 5] , while making use of ideas grounded in the local symmetries of DFT in [31] which were adapted to EFT in [30] . The EFT particle of the latter paper could be viewed as a massless particle in the extended spacetime, and our action will have a similar re-interpretation in a quasi-tensionless reformulation. This directly generalises the type IIB SL(2) covariant string of [32, 33] to larger groups (and to type IIA as well). Due to the analogy to the double string we will be calling this the exceptional sigma model, or more simply the exceptional string.
Before summarising our main result, let us note that the worldvolume duality approach was used in [9] to motivate the construction of the SL(5) EFT, and alongside the further development of EFT there have been some efforts to re-approach the problem of brane actions from the perspective of exceptional geometry, including [34] [35] [36] [37] [38] [39] [40] . Other work includes the study of brane dynamics in the closely related approach based on E 11 , as in [41, 42] , and the formulation of a SL(3) × SL(2) covariant membrane action in [43] .
Main result
In this paper we present the Lagrangian of the two-dimensional sigma model with an E D(D) EFT background as target space, valid for D = 2, 3 . . . 6 (for these values of D, the structures of EFT are relatively homogeneous and similar to that of DFT. For D = 7, various differences begin to appear in the essential features of EFT, and most relevantly for us no generalised two-form appears in the action of EFT). Perhaps the simplest form of the action of the E D(D) exceptional sigma model is:
with
where the "tension" is:
This string couples to an EFT background: {g µν , M MN , A µ M , B µν MN , . . . }; respectively, the external and generalised metrics, the "1-form" field A µ M ∈ R 1 , as well as a "2-form" field B µν MN in the representation R 2 of the tensor hierarchy, which couples electrically to the worldsheet much like the Kalb-Ramond B-field does to the usual string. The role of the O(d, d) structure η is now played by the constant charge parameter q MN ∈R 2 . We will see how consistency -i.e. covariance under (generalised) diffeomorphisms and gauge-invariance of the B-field coupling -implies that q is constrained by
Crucially, the exceptional string Lagrangian is compatible with the symmetries of EFT. As explained in section 4 this places stringent requirements on its form. This Lagrangian also correctly reduces to the usual 10-dimensional string Lagrangian (when appropriate), which we confirm in section 5.
2 The doubled sigma model
Action for the doubled string
The part of the fundamental string (F1) action which couples to the 10-dimensional metricĝμν and B-fieldBμν is:
where we take ǫ 01 = −1. We split the coordinates Xμ = (X µ , Y i ), with i = 1, . . . , d, and insert the following decompositions of the backgrounds fields into the action (2.1):
one can write the action as
Now, double the Y i , introducing dualsỸ i which together are written as
Here, the background fields have been combined into an O(d, d) vector and an O(d, d) generalised metric:
We have introduced an extra worldline one-form (and O(d, d) vector) V α M , and defined
The one-form V α M plays several roles. In the original formulation [4, 5] it is introduced in order to implement the self-duality constraint
by gauging a shift symmetry in the dual directions. (Note that the consistency of this constraint is guaranteed by the relationship
More recently, while also gauging away the dual directions, it has been pointed out that V α M must transform under gauge transformations of the background fields in order to ensure covariance on the doubled worldsheet [31] .
In the approach of double field theory (DFT), one formally allows the background fields to depend on the doubled coordinates Y M subject to the section condition, η MN ∂ M ⊗ ∂ N = 0. This is solved by To see this, we note that the terms involving Y M in (2.4) can be decomposed as follows:
Integrating out V αi is equivalent to eliminating D αỸi from the second line, which amounts to replacing it by
Then we get exactly (2.3) with the additional term
This reduction matches exactly that in [31] , while in [5] this term is removed by adding to S DW S a "topological term" required for invariance under large gauge transformations. This term is section 4 to confirm the covariance of the latter under external diffeomorphisms, which we have not discussed here).
Tensor hierarchy and generalisations
We now finish our review of the doubled sigma model by pointing out the ingredients that generalise naturally (if surprisingly) to the exceptional case. Let us focus on the Wess-Zumino term Part of the systematisation is that we can always associated the generalised p-form fields to a sequence of representations
while the DFT two-form is in the representation R 2 = 1. Given objects A 1 , A 2 ∈ R 1 , there is a map
The above Wess-Zumino term clearly involves:
A natural conjecture would be that the same formula should hold for the groups and representations of EFT. In general though, R 2 will not be the trivial representation. In order to obtain a quantity that can be integrated, we will need to introduce a charge q ∈R 2 , and define 26) where q · B ∈ 1. This charge will encode the tension of the string action. Clearly for the doubled sigma model, we just have q = T F 1 .
Remarkably, the guess (2.26) turns out to be correct, as long as the charge q obeys a constraint (1.4).
This constraint comes about when one checks the gauge invariance of the Wess-Zumino term.
Exceptional field theory
In this section, we will introduce the core elements of exceptional field theory, focusing on the fields to which the exceptional sigma model couples, and their symmetries. After presenting the general details, we will focus on the group E 6 , for which some extra details have to be filled in. Note that in practice, not all the fields appearing in the tensor hierarchy are needed in formulating the dynamics of EFT, as in many cases they will contain dualisations of the physical degrees of freedom.
Field content and symmetries
Additionally, we may also have to include additional "constrained compensator fields" which also drop out of the dynamics, but are important in formulating the complete gauge invariant set of field strengths.
Such compensator fields appear when R p =R 1 , and are related to the appearance of components of the dual graviton. These extra fields are necessary to construct the field strength of the of the generalised one-form in E 7 [14] , and are needed already at the level of the generalised Lie derivative for E 8 [15] . In this paper, they will become relevant when considering the E 6 exceptional sigma model, appearing in the field strength for the generalised two-form to which the exceptional string couples. Generalised diffeomorphisms can be defined using the generalised Lie derivative, which acting on a generalised vector U ∈ R 1 , of weight λ U , is given by:
where the intrinsic weight is
The generalised diffeomorphism parameter Λ itself carries weight −ω. Here P M adj Q N P is the projector onto the adjoint representation in the tensor product R 1 ⊗R 1 and α is a group-dependent constant recorded in [12] . The Y -tensor Y MN P Q is formed from group invariants. From D = 2 to D = 6, the Y-tensor is symmetric on upper and lower indices, and the section condition, restricting the coordinate dependence of the theory, is
or ∂ ⊗ ∂| R2 = 0, and is required for consistency. Due to these properties of the Y -tensor we will restrict our attention to D ≤ 6, for which one can largely treat EFT (and DFT) in a general manner.
The generalised metric transforms as a generalised tensor of weight 0 under generalised diffeomorphisms. The external metric transforms as a scalar of weight −2ω. The remaining fields, in the tensor hierarchy do not transform as tensors but rather as gauge fields. Note that we still assign weight −pω to the field in the representation R p . To formulate their transformations, we introduce some general notation following [16, 45, 46] . There are two useful operations which map between fields of weight −pω in representations R p of the tensor hierarchy. There is a nilpotent derivative operator:
which is automatically covariant (under generalised diffeomorphisms) for p = 1, . . . n − 4 [45] . There is also a map 5) which is taken to be symmetric for p = q, and is defined for p + q ≤ n − 2. If we consider just the fields A ∈ R 1 and B ∈ R 2 , which are most relevant for our exceptional sigma model, we can express these operations using the Y -tensor directly. First, note that representation R 2 always appears in the symmetric part of the tensor product of R 1 with itself. Therefore it is convenient to denote fields in R 2 as carrying a (projected) pair of symmetrised R 1 indices, thus we write B MN . We
and
Given the definition of∂B for B ∈ R 2 in the conventions of some EFT, then equation (3.6) effectively defines our convention for the relationship between B ∈ R 2 and B MN . We summarise the precise definitions in appendix B. Observe also that∂B defines a trivial generalised diffeomorphism parameter, that is L∂ B = 0 acting on anything. Now, let us write down the gauge transformations and field strengths associated to the first few fields of the tensor hierarchy. First, define the covariant external partial derivative D µ = ∂ µ − L Aµ in terms of the generalised Lie derivative L (which shows that the generalised one-form A µ M provides a gauge field for generalised diffeomorphisms). For the fields in R p , p > 1, define "covariant" variations
Although we are only really interested in the generalised forms A ∈ R 1 and B ∈ R 2 , we have here to include the generalised three-form C ∈ R 3 . The exceptional string will not couple to this field, but the nature of the tensor hierarchy means that it still appears in the field strength of B ∈ R 2 . Then, in terms of generalised diffeomorphisms parametrised by Λ ∈ R 1 , and gauge transformations λ µ ∈ R 2 , Θ µν ∈ R 2 , Ω µνρ ∈ R 3 , we have
be the analogue of the Lie bracket, the field strengths for A µ and B µν are: 10) and their variations are given by:
Under (3.9) the field strengths transform as generalised tensors (of weight −pω) under generalised diffeomorphisms parametrised by Λ. In addition, one has transformations under external diffeomorphisms with parameter ξ µ . In this paper we will need to use:
In the EFT construction, requiring invariance of the (bosonic part of the) action under such transformations uniquely fixes the relative coefficients of every term. Remarkably, we will find below that the same holds true on the worldsheet: a subtle interplay between the kinetic and Wess-Zumino terms is needed to ensure covariance under external diffeomorphisms. The general expressions here may have to be modified in some groups. For D = 7, we have already mentioned that the field strength of the one-form A µ M involves a second two-form field which is necessary for gauge invariance [14] , with the generalised one-form transforming under additional "constrained" gauge transformations that are necessary in order to shift away components which represent "dual graviton" degrees of freedom. For D = 6, a similar situation arises at the level of the generalised twoform B µν , which as described in [13] has a similar additional symmetry. The full details of the field strength associated to B µν , and the precise form of its extra gauge transformations were not specified in [13] . Our check of the symmetries of the exceptional sigma model require us to understand the full field strength. To do this, we now look at the example of E 6 more closely, both to clarify this situation and to make our main example be one in which the group E D(D) is genuinely exceptional.
Example: the E 6 EFT
General details
For E 6 , the representation R 1 , in which the coordinates Y M appear, is the fundamental 27-dimensional representation. The representation R 2 is the conjugate representation to the fundamental, while the representation R 3 is the adjoint.
The group E 6 has two cubic symmetric invariant tensors, d MN P and d MN P . These are normalised
, and obey a cubic identity:
The Y-tensor for E 6 is 14) and the section condition is
Note that the adjoint projector, P 
The operations • and∂ relevant to the fields in R 1 and R 2 are
One therefore has
Finally, note that the generalised metric is M MN , and we have
pressing the fact M is a group element).
Sections
For the components of the E 6 invariant tensors, we follow the conventions of [13] . Under the decomposition E 6 → SL(6) corresponding to obtaining an M-theory, we have
(as in [13] we do not include an explicit factor of 1/2 in contractions). Then,
The section condition (3.15) is then solved by
Alternatively, under E 6 → SL(5)×SL(2) (corresponding to a IIB section), we have
with now i, j = 1, . . . , 5 and a, b = 1, 2, and
Continuing the tensor hierarchy
The fields that appear in the action of the E 6 EFT are g µν , M MN , A µ M and B µνM . These are also the fields to which the exceptional string will couple. However, the generalised two-form is not dynamical:
there is no kinetic term involving its field strength H µνρ , and its equation of motion leads to:
which is interpreted as a duality relation relating components of F µν M to components of H µνρM .
As this is the only place in the dynamics of the E 6 EFT that H µνρM appears, in [13] this field strength was only determined up to pieces which vanished under the action of∂ (i.e. under d
. This is consistent with the observation that the standard formulae for the tensor hierarchy field strengths, (3.10), do not apply anymore, as for E 6 the derivative∂ : R 3 → R 2 is no longer automatically covariant under generalised diffeomorphisms. In general, this happens when one reaches a form-field representation R p which coincides withR 1 . As we have said, for E 7 , problems arise already for A µ ∈ R 1 , and these can be circumvented by introducing a second "constrained" two-form [14] . Here, we detail the analogous construction that applies for E 6 , following the clues provided in [47] . For E 6 , the representation R 3 is the adjoint. We introduce a three-form C µνρ α ∈ R 3 , and a second three-formC µνρM ∈27, which is constained to obey the same constraints as the derivatives ∂ M . That is, d
We introduce a derivative map, which we may as well persist in calling∂,
and define the field strength by
where now
The covariant variations for the three-forms are given by 26) which in fact conforms to the usual structure of (3.
The usual gauge transformations (3.8) must be accompanied by a transformation
of the constrained three-form: in addition, one has a gauge transformation of this object given by
where Θ µνM is constrained in the same manner asC µνρM . Verifying that these gauge transformations work requires the use of the Bianchi identity for A µ ,
=∂H µνρ , and showing that
which can be done using the section condition, the relationship P
, and the cubic identity (3.13). Note that
with the first term vanishing due to (3.30) and the second vanishing due to the constrained nature of C µνρM . The terms inside the bracket are the "undetermined terms" O µν M of [13] . Equation (3.31) ensures that the three-form potentials do not appear in the E 6 EFT action of [13] , nor in the duality relation (3.22) . In [48] , this leads to an ambiguity in the "integrated" form of this duality relation between certain components of F µν and H µνρ . Here, as we have access to the fully covariant field strengths, we instead assume the duality relation holds without the derivative:
and can use the gauge freedoms Θ µνα and Θ µνM associated to the three-forms to gauge these away, recovering the same duality relations between components used in [48] . The expression (3.32) is natural to take as the complete "integrated" form of the duality relation, as the objects appearing in it are proper generalised tensors.
The exceptional sigma model
We will now present and construct the action for the exceptional sigma model.
Action and symmetries
Denote the worldsheet coordinates σ α , the worldsheet metric by γ αβ and the worldsheet Levi-Civita symbol by ǫ αβ . The worldsheet fields that appear are the extended spacetime coordinates (
and the worldsheet one-form V M α , which is constrained by the requirement
These worldsheet fields are coupled by the background fields (g µν , M MN , A µ M , B µν ), which depend on the coordinates (X µ , Y M ) subject to the section condition. We further introduce a charge q ∈R 2 . Then the action for the exceptional sigma model is
where the notation means that given the product M MN M P Q we project the index pairs M P and N Q separately into R 2 before contracting each with one q ∈R 2 . This projection is of course automatic if we express q using R 1 indices as q MN (as opposed to having q carry aR 2 index, in which case we think of the product of generalised metrics as being projected instead). In this case,
For convenience, we will just write T ≡ T (M, q) in the rest of the paper.
We may summarise the symmetries of this action:
• Gauge symmetries: the usual worldsheet diffeomorphisms σ α → (σ ′ (σ)) α acting on the worldsheet metric γ αβ , scalars X µ , Y M and the R 1 -valued 1-forms V M α , Weyl transformations rescaling γ, and finally the following less usual shift symmetries 3 for which the V M α are gauge fields: (we denote worldsheet variations byδ; unadorned variations act on the EFT background)
where the Y A ∈ Y M are dual coordinates in a given section of the EFT background (i.e. ∂ A = 0).
We thus have V M α ∂ M = 0. The V equation of motion is equivalent to the twisted self-duality constraint
generalising that of the doubled string, with the constant q MN replacing the O(d, d) structure η MN .
• Background gauge symmetry: the EFT gauge transformations
accompanied by the transformationδ λ V M α (4.11), are invariances of the exceptional sigma model action. In other words the electric B-field coupling is gauge-invariant. This is true only if the constant charge parameter q MN ∈R 2 is constrained by (1.4) which can be more suggestively rewritten L Λ q MN = 0. Its surviving components depend on the number of generalised Killing vectors of the EFT background and the type of section condition; for a generic background in a IIB section q MN has two independent surviving components which form an SL(2) doublet and determine the couplings to the IIB supergravity NS-NS and R-R 2-forms, while for "IIA" sections q MN has one independent surviving component which is simply identified with the type IIA string tension. This interpretation is justified when we use the EFT-to-supergravity dictionary in section 5.1 to relate the EFT background to a type IIB or eleven-dimensional supergravity background, which serves to identify the precise relation of the exceptional string to the usual string theory strings.
• Global symmetries: for each generalised Killing vector This is ensured by the stronger requirement thatδ Λ,ξ S EW S induces the usual transformation of the background fields under infinitesimal generalised and external diffeomorphisms Λ M , ξ µ . This is a covariance condition expressing the fact pullbacks of generalised tensors are geometric. The analogous property in Riemannian geometry is trivially true:
Finally, there is a formal E D(D) invariance acting on the fields and coordinates in the obvious manner. As usual in a formalism with the same philosophy as DFT or EFT, a choice of section on which the background fields depend breaks this.
Fixing the action: generalised diffeomorphisms and gauge transformations
We claim that the above action can be fixed essentially from scratch, based on a few reasonable assumptions. We begin by deciding we are searching for a Weyl-invariant Polyakov-style string action, quadratic in worldsheet derivatives of the extended spacetime coordinates (X µ , Y M ), depending polynomially on the EFT background fields and in particular coupling electrically to the EFT two-form B µν MN .
Kinetic terms
First, let us think about pullbacks of exceptionally geometric quantities. As was pointed out in [49] , the pullback of the "generalised line element", which becomes
is not a good object as it does not respect the generalised diffeomorphism symmetry correctly. Under
the generalised diffeomorphism reduces to a gauge transformation of A µ M , and the
N is evidently not gauge invariant as it should be. This necessitates the 
10)
The extra worldsheet one-form V M α ensures the correct covariance under Y -dependent generalised diffeomorphisms and is also needed for invariance under generalised gauge transformations, with
and also for invariance under the "coordinate gauge symmetry" of [31, 49] which is a consequence of the section condition.
We fix the transformation of V M α under generalised diffeomorphisms by postulating that, for U M a generalised covector carrying special weight +ω, that
is also consistent with taking its weight to be −ω.) This equation expresses the fact the pullback of U M to the worldsheet is "geometric"; its analogue in ordinary geometry is identically true. It implies that under generalised diffeomorphisms, one has
where O is any function of the extended coordinates defined on the worldsheet. As a result,
Now, the generalised metric M MN has weight zero. With the above transformations, this means that:
To cancel the final term, we need to introduce some object of weight +2ω. Note that one cannot cancel these terms by modifying the transformation rule of V M α as this breaks the condition V M α ∂ M = 0. We introduce a charge q MN in theR 2 representation, carrying weight +2ω. This weight assignment is natural as B µν MN ∈ R 2 has weight −2ω. We require that the generalised Lie derivative of q MN be zero, which leads to the constraint 16) which will appear again later as being necessary for gauge invariance of the Wess-Zumino term. If we define the tension T as in (4.5) (the numerical factor is in principle arbitrary at this point, and will be fixed later when we examine external diffeomorphisms), then this provides a scalar of weight +2ω, and it follows that 17) which is the desired transformation rule.
Similarly, one finds that T g µν ∂ α X µ ∂ β X ν behaves correctly, as g µν is a scalar of weight −2ω under generalised diffeomorphisms.
We conclude that the only gauge invariant kinetic terms, quadratic in the derivatives of the worldsheet scalars, and transforming in the appropriate manner underδ
T g µν ∂ α X µ ∂ β X ν , assuming we exclude terms nonpolynomial in the EFT background fields, such as B µν g νρ B ρσ ∂ α X µ ∂ β X σ and the like.
Wess-Zumino terms
Our starting assumption is that the coupling to the generalised two-form involves
We need to search for the gauge invariant completion of this. Assuming that the external and generalised metrics do not appear, we write down the following general (up to total derivatives) guess for a quadratic
Wess-Zumino term:
where we now want to determine the numerical coefficients α, β, γ. Under the gauge transformation λ µ MN , one finds
We expect this should equal the total derivative 2ǫ αβ q MN ∂ α λ ν MN ∂ β X ν . This requires:
from terms in the first line, while for the second line to vanish we need 22) from the terms involving derivatives of λ µ P Q , and also We then fix the final coefficient in
24) using covariance under generalised diffeomorphisms. We require the pullback of B µν to be geometric in the senseδ
The required variation (4.25) can be simplified to:
Now, the direct variationδ Λ (4.13) can never produce the derivatives 27) is that if one varies the background fields only, one obtains the covariant variation (3.8) of B µν automatically:
Finally, we must consider the transformation of B µν MN under the gauge transformations Θ µν ∈ R 3 , under which we have ∆B µν = −∂Θ µν . For C ∈ R 3 , we need
We have not considered the general structure of∂ : R 3 → R 2 , however the results of [50] indicate that for D < 6 we can write this aŝ
which vanishes when hit with q MN using (4.16).
We should consider D = 6 separately. There, with q MN = d MN P q P , we find instead that we need
which is in fact true by a calculation similar to the one leading to (3.31) as long as q satisfies (4.16).
Fixing the action: external diffeomorphisms
To finish what we have started, we consider external diffeomorphisms.
Kinetic terms
The action of external diffeomorphisms on the worldsheet coordinates and hence on the background fields viewed as functions on the worldsheet is:
Observe that we include a transformation of the Y M which takes the form of a field dependent generalised diffeomorphism. This is necessary due to the form of the covariant derivative
acting on the background. We take:
indicates possible further terms which depend on the worldsheet metric and Levi-Civita symbol. We set these to zero for now and will reconsider them at the very end.
Then one has
is the transformation of A µ M under external diffeomorphisms. Now, the transformations of the metrics are:
It is straightforward to calculate:
(4.37) The weight term can be dealt with as before using T , as we havē 
which is the required behaviour. Note that this establishes that it is the pullback of the whole "gen-
N to the worldvolume that respects the external diffeomorphism symmetry (up to weight terms which can be cancelled via something like T as done here or against a worldvolume metric as in the EFT particle case [30] ). However, for the string, this is not the end of the story.
Wess-Zumino terms
The desired variation of the Wess-Zumino term is
A subtlety here is that for E 6 we assume that the spacetime background is on-shell, so that we can use the duality relation (3.32) to write H µνρ here. Now, we have (up to D ≤ 5, with modifications for D = 6 as explained in the previous section):
Then varying A and B we should find:
Let us consider this. The third line will never be generated byδ ξ acting on any of the coordinates or fields. It vanishes for D ≤ 5 by (4.29); for D = 6 the situation is similar to the discussion there, as instead of just q MN (∂C µνρ ) MN = 0 we require 44) which is the same calculation as needed for the gauge invariance requirement (4.31)
The fourth line involves the external metric g µν . It will also never be generated byδ ξ . One finds that this is the only problematic term: all the rest can be obtained fromδ ξ up to total derivatives. Thus,
The way to cancel this term is to combine it with contributions from the kinetic terms, alongside the extra transformation δ 
Combining kinetic and Wess-Zumino
Define∆ ξ to be the anomalous variation given by the difference betweenδ ξ and the expected variation.
We trial the full Lagrangian 46) where x, y are numerical constants to be determined. The total anomalous variation of this
, where we have individually that
To proceed, we need the following identity:
To prove this, use the constraint (4.16) to write
(4.50)
In going from the second to the third line, we used the fact that the generalised metric is a group element and so preserves the Y-tensor. Then in going to the final line we used the fact that q MN ∈ R 2 . This (rather unexpected) identity allows us to rewrite the anomalous variation as:
Say we take
for some constant z. To preserve V M α ∂ M = 0 we need:
To show this, we note that in general one can write
where M is anR 2 index, and η MN M is an invariant tensor(an "eta-symbol" in the language of [51] ), which is basically just the projector of a pair of symmetric R 1 indices into R 2 . Invariance of this tensor
where M MN is the generalised metric in the R 2 representation. The section condition is expressible as
by the section condition. For instance, for E 6 , we have q MN = d MN P q P , as R 2 =R 1 , and the section condition is given in terms of the other cubic invariant as We can not directly fix the coefficient z using the symmetry requirements considered above. However, a more in-depth study of the constraint imposed by V M α allows us to set z = 1, as we now explain.
Fixing the action: twisted self-duality
Naively, the equation of motion of V M α suggests that we are using it to impose the following "twisted self-duality" constraint:
Contracting with ∂ M and using (4.49) we find that we must have
Actually, V 
where we know that Y ij P Q = 0 as otherwise ∂ i = 0 would not solve the section condition. This also means Y P Q ij = 0. Letting M = A we find
We also have
As in general Y Ai jk = 0, the last of these implies q ij = 0. We conclude the only non-zero components of q MN are q iA = q Ai . This can also be obtained on a case-by-case basis for each D and follows from the explicit formulas for q MN in the appendix. Then, we can obtain from the T 2 identity (4.49) that
while from (4.53) we learn that
Now, the general generalised metric takes a sort of Kaluza-Klein-esque form given the splitting M = (i, A), and as studied in appendix A.2 can be parametrised as:
where
The inverse, assuming that M ij and M AB are invertible, is
66)
The equation of motion for the non-zero components V A α is:
using ⋆ the worldsheet Hodge star for simplicity (⋆ 2 = 1 for Lorentzian worldsheets). This implies
In order to preserve formal E D(D) covariance, we want this equation of motion to imply the remaining components of the constraint (4.57). This means we need
Substituting in (4.68) and then making use of the identities (4.62) and (4.63) alongside the parametrisations (4.64) and (4.66) we find that this, and hence (4.57), holds, provided that z 2 = 1.
We can now without loss of generality take z = 1 as changing the sign of z amounts to changing the sign of the Wess-Zumino term, which is equivalent to q → −q.
Therefore requiring that all components of the twisted self-duality relation (4.57) follow from the equation of motion of V fixes the action completely. 
Reductions
Reduction to 10-dimensions
and we have shortened g αβ ≡ g µν ∂ α X µ ∂ β X ν , and similarly for B αβ MN and A α M .
Now, the non-zero components V A appear only in S V . To integrate them out, we can complete the square, resulting in
Here we assume that we can invert the components M AB of the generalised matrix carrying dual indices only. Next, we substitute in the result (see the appendix A.2)
where the conformal factor Ω = φ ω for M-theory and IIB sections starting from Einstein frame, and Ω = φ ω e −4ωΦ for IIA sections starting from string frame. Then, using that q iA = q Ai are the only non-zero components of the charge, one has
This can be further simplified in general terms: we note that from (4.64) as well as the combination of (4.66) and (4.63) that
We also have from (4.62) and (4.66) that
Hence, with Xμ = (X µ , Y i ) andĝμν the 10-dimensional metric decomposed as in (A.1) we have found
Note that the only place the dual coordinates appear is
This is a total derivative. Recall that a similar term appears in the reduction of the doubled sigma model, and is cancelled there by adding to the action a topological term (2.12) based on an antisymmetric tensor Ω MN . Here we could define such an object to have non-vanishing components Ω Ai = −Ω iA = q iA . This is a bit different to the O(d, d) case, as such an Ω MN depends on the charge q, and so would be different in IIA and IIB sections. It would be interesting to explore the uses and consequences of such an exceptional topological term and symplectic form, either on the worldsheet or more speculatively in spacetime [52, 53] .
To complete the reduction, we must show that for explicit choices of q and parametrisations of the EFT fields that we obtain known 1-brane actions. This can be done group by group. In section 6, we will focus on the example of E 6 in detail.
Reduction to the doubled sigma model
An alternative reduction one can do is to reduce from our exceptional sigma model to the doubled sigma model itself. The Kaluza-Klein reduction of exceptional field theory to double field theory has been examined in the internal sector in [54] . Let 
We now seek to integrate out the components V A α . The Wess-Zumino term only involves the coordinates Y M , so we only need to look at the kinetic term, which contains 6 Example: the E 6 exceptional sigma model
The charge constraint
Here we have Y M in the 27 of E 6 . The charge inR 2 = 27 is q M . The constraint (4.16) is:
Contracting the free indices implies that q P ∂ P = 0.
We again check the unsurprising solutions:
• IIB section: here we decompose M = (i, iα , ij, α ), where i = 1, . . . , 5 and α the usual SL(2) index.
We have ∂ i = 0 and ∂ iα = ∂ ij = ∂ α = 0. One finds
and the only solution is again q α = 0 and the others zero. The non-zero components of the charge q MN are:
• M-theory section: let M = (i, ij ,ī) with i,ī = 1, . . . , 6 and ij antisymmetric. The section choice is ∂ i = 0, ∂ ij = 0 = ∂ī. We see immediately that q i = 0. One finds the constraints:
There are no solutions.
• IIA section: we now take one of the M-theory directions i = 1 (say) to be an isometry, ∂ 1 = 0.
This allows for q1 = 0, giving the F1 string, with all other charge components zero. The non-zero components of the charge q MN are: The tension can be written as T =
Reduction to IIA F1
In appendix A.3, the dictionary relating the EFT fields to those of 11-dimensional supergravity is given.
It is convenient to continue to use the 11-dimensional variables for a time. Letî = (i, 1) denote the 5-dimensional internal IIA index i along with the single index "1" corresponding to the M-theory direction. We write the 27-dimensional R 1 index as M = (i, A) where now Y A = (Yī, Yîĵ, Y 1 ). The IIA string corresponds to q1 = 0. We let q1 = q. The symmetric charge q MN = d MN P q P has non-zero components as in (6.5) . Using appendix A.3, we can extract the dual components of the generalised metric, finding
Hereφîĵ denote the internal components of the 11-dimensional metric, while Aîĵk are the internal components of the 11-dimensional three-form. We have also letÃîĵm = 1 6 ǫîĵkmnpAmnp. The inverse may be straightforwardly calculated: U −1 is obtained by flipping the signs of ϕ and C ijk in U . Let us call
We also need to know the components of M Ak = (Mī k , Mîĵ k , M 1k ). We find that
−2/3φîpÃpqr A kqr
From this one finds that
The kinetic term
The tension gives
Recall thatφ is still the M-theory internal metric. Let us denote the IIA one by φ ij . We havê
where Φ is the IIA dilaton. As a result, we find
Note that here the conformal factor Ω = φ −1/3 e +4Φ/3 appears. We identify q = √ 10T F 1 . We can verify the rest of the kinetic term works out explicitly in this case. Consider the quantity
appearing in (5.6). Using the parametrisations above (recallM AB ≡ (M AB ) −1 ), we find 15) and so 1
Then as expected the kinetic term of (5.9) becomes
where Xμ = (X µ , Y i ) are the usual ten-dimensional coordinates.
The Wess-Zumino term
The Wess-Zumino term from (5.6) is found on using the result for the charge (6.5) to be:
From (6.7), (6.9) and (6.10), one finds that
The EFT dictionary of appendix A.3 provides us with the information that: 6.20) whereĈμνρ denotes the 11-dimensional three-form with kinetic term − 1 48 F 2 . We therefore find
Identifying as usualĈμν 1 =Bμν withBμν the 10-dimensional B-field with kinetic term − 1 12 H 2 , and q ≡ T F 1 √ 10 we find the standard Wess-Zumino term for the fundamental string.
Reduction to IIB (m, n) string
We now turn to the IIB section. We have The charges allowed are q a . The non-zero components of the charge q MN are given by (6.3). We can turn directly to the papers [13, 48] to find the generalised metric. The dual components can be written succintly as
Here φ ij are the internal components of the 10-dimensional Einstein frame metric, m ab is an SL(2)/SO (2) matrix, b ij a = −2Ĉ ij a , whereĈ ij a are the internal components of the two-form doublet, and C ijkl are related to the internal components of the RR four-form. In addition we have
Kinetic term
Using the charge (6.3) and the above expressions for the generalised metric parametrisation, we find that:
Hence, 28) whereĝμν is the 10-dimensional Einstein frame metric, Xμ = (X µ , Y i ). If we write (6.29) and parametrise the SL(2)/SO(2) coset matrix m ab as 30) then, in terms of the string frame metricĝ str µν = e Φ/2ĝμν , the action takes the form
This is a form of the action for an (m, n) string. It is related to the F1 action by an S-duality transformation from (1, 0) to (m, n), and can be obtained from the usual D1 action by integrating out the Born-Infeld vector [55] . We see that for (m, n) = (1, 0) we immediately get the F1 action, while for (m, n) = (0, 1) we get an action with tension
Wess-Zumino term
We find that 32) and hence the Wess-Zumino term from (5.6) is found to be:
The EFT dictionary of appendix A.4 tells us that
from which one gets 36) which is the expected result.
Fradkin-Tseytlin term
The doubled sigma model can be extended with the addition of a Fradkin-Tseytlin term using the doubled dilaton Φ d , which is related to the usual dilaton Φ by Φ d = Φ − 1 4 log det φ. This doubled FT term [5] is just:
where R is the worldsheet Ricci scalar. Integrating out the gauge fields V αi from the action
generates a shift of the doubled dilaton
which turns the doubled FT term into the ordinary FT term with the conventional normalisation, thereby fixing its coefficient relative to the rest of the doubled sigma model.
We can consider something similar for our exceptional sigma model. Although there is no exceptional dilaton, we propose to use T (M, q)/T F 1 to write down a scalar. Effectively, the charge q MN allows us to construct a scalar. One can check that:
Hence, the combination
which therefore recovers the string dilaton in IIA and in IIB for m = 1, n = 0. We integrate out the vector fields V A α from
which produces a term 1 4π
we combine this with the exceptional sigma model Fradkin-
so that the integration out of the V A α produces the conventional FT term, at least for the IIA string and (1, 0) IIB string.
It may seem strange that the coefficient depends on dim R 1 and d and so differs from group to group, while the rest of the exceptional sigma model action took a universal form. However, this is in fact natural and consistent with the fact that one could reduce from E D(D) to E D−1(D−1) by integrating out a subset of the dual coordinates, thereby altering the term (7.9).
It is also possible to obtain the doubled dilaton Fradkin-Tseytlin term for the doubled sigma model directly. The reduction from the exceptional sigma model to the doubled sigma model was explained in section 5.2. The tension T /T F 1 = e −4ωΦ d . Hence (7.9) is initially
to which we add after integrating out
the combination of (7.10) and (7.11) gives exactly (7.1).
Quasi-tensionless uplift
In [30] , the following action for the R 1 multiplet of particle states in n dimensions:
was shown to uplift to the action for a massless particle on the extended spacetime of DFT/EFT:
with the momenta in the extended directions Y M corresponding to the masses/charges p M .
One might wonder whether our string action could be interpreted as that of a tensionless string in the extended spacetime. However, although massless particles reduce to massive particles on reduction (which underlies the relationship between the two forms of the particle action), tensionless strings do not reduce to tensionful strings. Early explorations of this concept [56] [57] [58] found that one can instead replace the string tension with a dynamical one-form, which may have some (unclear) geometrical interpretation. These ideas led, by combining the tension one-form with the Born-Infeld one-form to the SL(2) covariant description of the F1 and D1 [32, 33] . The actions of [32, 33, 58] can be termed "quasi-tensionless" in that they take the form S ∼ d 2 σλ(det g + (⋆F 2 ) 2 ), where λ is a Lagrange multiplier and F 2 is the field strength for some worldsheet one-forms. If the (⋆F 2 ) 2 term was not present, then this would be a tensionless action.
In general, one would encode the tension of p-brane in terms of a worldvolume p form. For the particle case, this is a worldline scalar. In the action (8.2), these scalars are the Y M , which can be interpreted as target space coordinates. The action evidently takes the form we have just mentioned, where the field strength of the Y M isẎ M + . . . . However, the target space interpretation is indeed that it is tensionless (i.e. massless).
Let us see how one can take a similar approach to our exceptional sigma model action, (1.1). Integrating out the worldsheet metric, we can write the action as:
. . denotes the full Wess-Zumino term, and g +
The action (8.3) can be obtained from the following quasi-tensionless action:
To demonstate this, we remove the new worldsheet one-form Z α ∈ R 2 following [32] . Define the momentum (we have ǫ 01 = −1)
The action in Hamiltonian form is:
Now Z 0 and Z 1 play the role of Lagrange multipliers, setting Q MN = q MN to be constant. Replacing it in the action correspondingly, we get
and integrating out λ leads to (8.3).
We must then confront the issue that, just as in [30] we know that the Wess-Zumino term only transforms as a total derivative (which can be cancelled by assigning Z α MN the approriate transformation) when contracted with an appropriately constrained q MN .
The solution in the particle case was to introduce V M , a worldline one-form. The generalisation of this is to introduce a worldsheet two-form, W αβ . This gives the beginnings of a worldvolume mirroring of the tensor hierarchy for p-branes:
It is interesting to compare the situation here with the suggestions in [50] that one could introduce extended "coordinates" associated to each gauge transformation parameter in the tensor hierarchy, leading to a notion of an extended "mega-space" beyond that already used involving just Y M . (The dual coordinates contained in the latter are of course already associated to the purely internal gauge transformation parameters.) This may therefore be "natural" from the point of view of branes in EFT, though it is not clear that one should really view for instance Z α MN , which is a worldvolume one-form, as something geometric in extended spacetime.
Under a gauge transformation,
where ∆ αβ MN denotes the anomalous transformation. This vanishes for ∂ M = 0 and obeys q MN ∆ αβ MN = 0 for appropriately constrained q MN , and so we require
Evidently, we need to impose constraints on W
MN αβ
which are dual to those (4.16) on q MN . These take a cumbersome form which we will not display here. Then, the full action
leads to (8. 3) plus the extra term:
The equation of motion for the non-zero components of the constrained W MN αβ then sets to zero exactly the components of q MN which must vanish by the constraint (4.16). With the constraint on W understood we propose that the action (8.11) represents the quasi-tensionless uplift of the exceptional sigma model.
We may also wonder about the checks of how (8.11) respects generalised diffeomorphism and external diffeomorphism invariance. Consider the transformation of the Wess-Zumino term, B αβ MN . We know that under any of the transformations that we care about, this transforms into a sum of the following pieces: total derivatives, anomalous terms that vanish on contraction with q MN , and the anomalous terms arising in the case of external diffeomorphisms that were cancelled using contributions from the transformations of the kinetic terms. The total derivative type transformations can be cancelled by appropriate transformations of Z
MN α
, while those that vanish against q MN can be safely absorbed into transformations of W αβ MN . The sole subtlety here is that one must take the Lagrange multiplier, λ, to transform under generalised diffeomorphisms and external diffeomorphisms in order to cancel the extra weight terms, similarly to the particle case [30] .
As a result, the only danger appears to lie in the final anomalous part of the transformation under external diffeomorphisms. In this case, we can write the total potentially anomalous variation as, using (4.47) without the T , 14) where
The following extra tranformations of V and W :
The quantity in brackets is zero by the quasi-tensionless condition enforced by the equation of motion of λ: evidently we can cancel it off-shell by additionally taking
We conclude that the uplifted action (8.11) shares the same features as our original action (1. 
which when contracted with q MN gives q KL ∂ Q − q MQ Y MP KL ∂ P i.e. it leads to the constraint (4.16).
9 Comments on branes 9.1 Exceptional democracy (and why 10-dimensional sections are special)
In this paper, we taken a route towards a reformulation of one-brane actions that began with exceptional field theory. The latter is a reformulation of supergravity; there is much more to life than supergravity, and so our work forms part of the bigger picture of attempting to describe all the usual interesting braney features of string theory or M-theory in E D(D) covariant language. The motivation here is to view EFT as a new organising principle for string and M-theory. This organising principle knows something about the dualities that appear on toroidal reduction, but beyond that it provides access to a formulation that underlies different limits of the duality web -the same EFT structure elegantly describes 11-dimensional and 10-dimensional supergravities in one systematic fashion. Our approach towards branes suggests we should attempt to construct p-brane actions coupling to the generalised p-form fields of EFT. (One might envisage some difficulties here. Magnetic branes will couple to dualisations of the usual gauge potentials, which in EFT will ultimately involve exotic duals of various sorts. The description of branes whose worldvolume dimension exceeds the number of external directions in the EFT is also not immediately clear, but presumably involves coupling to generalised forms of such a type. Of course, the doubled string is known to work when there are no external directions, while a doubled five-brane action [59] can also be constructed, which indeed involves a WZ coupling to an unusual generalised O(D, D) four-form, which at least linearly can be viewed as the dual of the generalised metric [60] This amounts to a reorganisation of the description of branes in the usual type II and M-theory pictures. We can view this as an exceptional brane democracy. Solving the section condition to give the standard 11-dimensional, 10-dimensional type IIA and 10-dimensional type IIB sections, these brane actions -which will be characterised by charges including and generalising our q MN , obeying particular constraints -collapse down to the usual ones. This leads to the observation, starting from the point of view of the extended theory, that 10-dimensional sections are special, because these contain a fundamental brane -the F1.
Membranes and topological terms
Let us look ahead to membranes in particular. These couple to the EFT field C µνρ ∈ R 3 . As before, to describe these, we will be led to introduce a constant charge q ∈R 3 . We expect there to be a constraint on q, which we would anticipate to follow from requiring L Λ q = 0. Then we would build up the Wess-Zumino term as before.
An interesting question here would be to see if there is a topological term for membranes. We commented already on the fact that one could perhaps define a symplectic form Ω MN using the total derivative that is left after integrating out the dual components V A α . In EFT, which, if we view it as a glimpse into the exceptional geometry of M-theory, has no brane more fundamental than any other, it seems that one should expect to collect a collection of symplectic p-forms for each brane worlvolume. Whether these play any role in the spacetime theory, as Ω MN does in some approaches to doubled geometry based on a doubled sigma model [52, 53] , is then an interesting question.
As an example, let us consider the group SL(5). Here the three-form C µνρ a is in the five-dimensional fundamental representation, for which we use the indices a, b, c, . . . . The charge q a should satisfy q [a ∂ bc] = 0 (which has appeared in a similar setting in [61, 62] ). The M-theory section is defined by splitting a = (i, 5) and taking ∂ i5 = 0, ∂ ij = 0. A natural guess, based on the available index contractions, for a topological term would be something like:
leading to a totally antisymmetric Ω MN P with Ω ij,k5,l5 ∼ ǫ ijkl . We may recall that T-duality of strings is basically a canonical transformation in phase space: the generalisation from symplectic two-forms to symplectic p-forms leads from Hamiltonian to Nambu mechanics. In the simplest generalisation, with p = 3, phase space is 3N dimensional with canonical triples of phase space coordinates (rather than coordinate/momenta pairs on the full structure of the exceptional geometry, and we will continue this investigation in future work.
(Of course, beyond SL(5), coordinates that can be associated to M5 windings will appear also.)
Conclusions
In this paper, we have thoroughly investigated the exceptional sigma model, whose form we wrote down in [20] . This is the action for a string coupled to a background of exceptional field theory, a unified reformulation of the 11-dimensional and type II supergravities. It generalises the doubled sigma model
One can view the exceptional sigma model action in four ways:
• as an action for a multiplet of charged strings in an "extended spacetime", with extra worldsheet scalars corresponding to dual directions,
• as an action for the usual 1-brane states in 10 dimensions on integrating out these dual coordinates,
• as an action for strings corresponding to wrapped branes in n-dimensions, on further reduction,
• and also, by encoding the charges q as the momenta for further worldsheet one-forms, the action (1.1) becomes that of a quasi-tensionless string (8.4) generalising the SL(2) covariant string [32, 33] .
Our approach was grounded in respecting the local symmetries of exceptional field theory. We were able to construct the Wess-Zumino term by requiring invariance under gauge transformations of the EFT generalised two-form, and showed that requiring a form of covariance under the generalised and external diffeomorphism transformations allowed us to essentially fix the whole Polyakov-style Weyl invariant action.
We should note that one limitation of the present paper was that we effectively restricted ourselves to D ≤ 6, where one can use a common general description of the E D(D) EFTs. For D = 7, the Y-tensor is no longer symmetric, and one has in addition to the standard generalised two-form an additional covariantly constrained two-form inR 1 . However, it is likely that the exceptional sigma model can be constructed in this case (for the standard generalised two-form), and we should do this.
It would be interesting to further explore our action in the case ∂ M = 0, corresponding to a (torodial) reduction to n-dimensions, where the E D(D) symmetry of the action becomes the standard U-duality. Perhaps one can study, or define, U-fold backgrounds from the sigma model, just as the double sigma model was introduced in order to better understand T-folds. There are some other obvious problems that should be addressed in the future. We should supersymmetrise the exceptional sigma model. The beta functional equations should provide some truncation of the full EFT field equations. We know already that the background field equations following from the doubled sigma model lead to those of DFT [22] [23] [24] . One might therefore expect to obtain the same equations, with the replacement B µν → q MN B µν MN . There are question marks here about how exactly one makes sense of the (possible) appearance of the charge q, and how much information one can really extract from this procedure. We have assumed throughout that the generalised metric admits a standard parametrisation on section in terms of the usual spacetime fields. This was important in integrating out the dual coordinates, for example, where we needed to assume invertibility of some block of the generalised metric. This assumption ignores the possibility of alternative "non-Riemannian" parametrisations which have been explored for the doubled sigma model in [31, 63] . This would also be interesting to consider in the context of our exceptional sigma model. Also, in this paper we generalised the doubled string action of Hull [4, 5] . An alternative (equivalent) approach is that of Tseytlin [2, 3] where the chirality constraint -what we called twisted self-duality earlier -follows from the equations of motion without the introduction of a gauge field V M α at the cost of losing manifest Lorentz invariance (which can be recovered using a PST-style approach as for instance in [64] ). It would be intriguing to see if these methods apply to the exceptional sigma model, perhaps using an action of the form 
Similarly, for type IIB, letĈμν α denote the doublet of two-forms. We define
The four-form redefinitions are not needed in this paper.
Unfortunately, the above fields will not immediately correspond to components of the generalised form fields appearing in EFT, which may in fact be further redefinitions of the above. This must be checked on a case-by-case basis. We will provide the details for E 6 below.
A.2 Properties of the generalised metric
Here we record some useful and very general facts about the generalised metric, M MN . Let us split the extended coordinates as .6) and whereM
where the ordinary Lie derivative L Λ includes weights of −2ω (and +2ω for (M AB ) −1 ). Hence one can
show that
so we conclude this is invariant under form field gauge transformations and so up to possible dilaton factors should take the formM ij = φ −ω φ ij . Thus, we will always haveM ij = Ω −1 φ ij and M ij = Ωφ ij .
In addition, we record the gauge transformations of the object U i A :
A.3 The E 6 dictionary: M-theory section
The EFT fields are the generalised metric M MN , and the two-form fields A µ M and B µνM (we have denoted these calligraphically to prevent confusion with the components A of the supergravity form fields).
Note that in the conventions of [13] , the kinetic term for the three-form is normalised as − here and similarly for the redefined components. Bearing this factor of two in mind, we can read off from [13] the relationship between EFT tensor hierarchy fields and the redefined three-form components A µ... of (A. 3) as follows:
The degrees of freedom appearing in the generalised metric are (φ ij , A ijk , ϕ). 5 .
The components φ ij are those appearing in the decomposition of the 11-dimensional metric (A.1), while the components A ijk are the internal components of the three-form. The scalar ϕ is the dualisation of the external three-form (and so can be regarded as the internal components of the six-form dual to the three-form, i.e. ϕ ≡ 1 6! ǫ ijklmn C ijklmn . To simplify the expressions, we definẽ
Then the paper [13] allows us to extract the components of the generalised metric M MN : .14) and
The easiest way to obtain the IIA relationships is to carry out the usual reduction on the 11-dimensional 5 In [13] , the parametrisation is in terms of the unit determinant matrix m ij = e Φ/3 φ ij and e Φ = φ −1/2 , so that
variables.
A.4 The E 6 dictionary: IIB section
According to [48] , we have the following relationships on the IIB section:
In addition, the generalised metric contains an internal field denoted in [48] by b ij α , and we have
Note that in the conventions of [48] , the kinetic term for the two-forms is normalised as − . We use the same convention.
The full expressions for the generalised metric are lengthy and provided in more concise form in section 6.3 already, except for M ij , for which we only need the general results in appendix A.2 anyway.
B General DFT and EFT conventions
We provide here a useful summary of the conventions for the fields of DFT and EFT, focusing on the generalised metric and those that appear in the R 1 and R 2 representations. We provide the constraints on the generalised metric, and following [46] the expressions for the operations • :
Summary of general R 1 and R 2 index conventions For B µν ∈ R 2 we write B µν MN . In the construction of the exceptional sigma model, we introduce a charge q ∈R 2 which we will also write as q MN , where the symmetrisation (and projection) is implicit.
We require that:
in order to determine the precise map between q MN and q ∈R 2 . Note that as Y MN P Q projects into R 2 orR 2 we have
Following the conventions and notation of appendix B, we can write: indices. Note as well that the B-field in the E 6 EFT is normalised differently to the B-field in the lower rank cases: a more consistent pattern could be achieved by redefining both the invariant tensor d
MN P
and B M by factors of √ 10, however we maintain full alignment with the EFT conventions of the original paper [13] here. In addition, the charges are given by 
SL(2) × R + EFT
This EFT was constructed in [19] . The R 1 representation of the SL(2) × R + EFT is reducible, being the 2 1 ⊕ 1 −1 . We let a = 1, 2 be a fundamental SL (2) The generalised metric is also reducible, consisting of a two-by-two matrix M ab and a one-by-one matrix M ss . These are not independent: one has det M ab = (M ss ) −3/2 .
SL(3) × SL(2) EFT
This EFT was constructed in [16] . The R 1 representation of the SL(3) × SL(2) EFT is the (3, 2). We let I = 1, 2, 3 be a fundamental SL(3) index and a = 1, 2 be a fundamental SL (2) 
SL(5) EFT
The full SL(5) EFT was constructed in [18] . The internal sector had been pioneered in [9, 11] . The R 1 representation of the SL(5) EFT is the 10. This is the antisymmetric representation. We let a = 1, . . . , 5 be a fundamental SL (5) The section condition is that 
C The charge constraint in general EFTs
Here we write down the specific form of the charge constraint (4.16), and solve it, relying on the conventions of appendix B.
DFT
In this case, the constraint (4.16) is in fact an identity, reducing to qη P Q ∂ M on both sides. Therefore there is always a doubled string, as we would expect. The non-zero components of q MN are
The tension simplifies to T = q. The solutions are as follows:
SL(2)
• IIB section: we have ∂ s = 0 and ∂ a = 0. The constraint (C.2) therefore does not constraint the charge q as at all. This means the charge is a doublet, and the objects that couple to B µν as are (p, q) strings. The non-zero components of q MN are q sa = q as .
• M-theory section: we have ∂ s = 0 and ∂ a = 0. The constraint (C.2) forces q as = 0: so there are no strings in eleven dimensions.
• IIA section: now we have ∂ s = 0 and ∂ 1 = 0, but ∂ 2 = 0. We are allowed have q 2s = 0 and q 1s = 0.
This gives the IIA fundamental string. The non-zero components of q MN are q 2s = q s2 .
In this case, the generalised metric is reducible, consisting of components M ab , M ss . The tension is T = q as q bs M ab M ss . The solutions are as follows:
SL(3)
• IIB section: we split I = (α, 3), and the section condition solution is ∂ 3a = 0, ∂ αa = 0. The allowed charges are q α = 0, while q 3 = 0. The non-zero components of q MN are q 3a,αb = q αb,3a = ǫ αβ q β ǫ ab .
(C.4)
• M-theory section: we have ∂ I1 = 0 and ∂ I2 = 0. This means that q I = 0, so there are no solutions.
• IIA section: let I = (1, i) and suppose that ∂ 11 = 0, so ∂ i1 = 0. Then we can have q 1 = 0. The non-zero components of q MN are q i1,j2 = q j2,i1 = ǫ ij q 1 .
(C.5)
The generalised metric is also reducible, with M Ia,Jb = M IJ M ab . The tension becomes T = M IJ q I q J .
SL(5) EFT
In this case the extended coordinates carry a pair of antisymmetric 5-dimensional indices, and are written Y ab . The charge inR 2 = 5 is q a . The constraint (4.16) boils down to
The solutions are as follows:
• IIB section: here we decompose a = ( i , α) where i = 1, 2, 3 and α is a 2-dimensional SL(2) S-duality index. Then we have ∂ ij = 0 for i, j = 1, 2, 3, and ∂ α i = ∂ αβ = 0. The constraint (C.6) imposes that q i = 0 and q α = 0.The non-zero components of q MN are:
• M-theory section: here a = (i, 5) where i = 1, 2, 3, 4. The section condition is solved by ∂ i5 = 0 and ∂ ij = 0. The charge q a is forced to be zero.
• IIA section: now a = (i, 4, 5) with i = 1, 2, 3. The section condition is ∂ i5 = 0, ∂ ij = ∂ i4 = ∂ 45 = 0.
One can have q 4 = 0, q i = 0 = q 5 . The non-zero components of q MN are: The solutions are as follows:
• IIB section: we decompose q I = (q a , q ij , qā), where a andā are separate SL (2) • M-theory section: we decompose q I = (q i , q i ), with i = 1, . . . , 5. One finds that
which has no solutions.
• IIA section: we now take one of the M-theory directions i = 1 (say) to be an isometry, ∂ 1 = 0. This allows for q 1 = 0, giving the F1 string, with all other charge components zero. The non-zero components of the charge q MN are (for i, j = 1, . . . 4 IIA indices):
The tension can be written as T = M IJ q I q J where M IJ is the generalised metric in the fundamental representation rather than the R 1 representation.
